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The Yuga is a cosmic chronology in Hindu thought that divides the history of the Solar System into four epochs—Satya
Yuga, Treta Yuga, Dvapara Yuga, and Kali Yuga—based on the periodic libration of the Solar System within the Milky
Way Galaxy. This framework arises from the premise that the radiative energy received on Earth from galactic stars
oscillates as a consequence of this libration. The creation and decline of the planetary network of life are thus driven by

the influx of cosmic energy, with structural transformations shaping its diverse manifestations. In this paper, we

undertake a scientific examination of Yuga theory by physically analyzing the orbital dynamics of the Solar System

within the Galaxy. We show that the anisotropic structure of the Milky Way governs the periodicity of libration and

thereby modulates the Yuga cycles. Furthermore, we investigate the relationship between the stellar radiative energy

observed from Earth and the dissipation of energy within the planet, and we argue that Landauer’s principle provides a

foundation for understanding the diversity of life’s informational complexity and clarifies the defining characteristics of

each epoch in the Yuga cycle.

INTRODUCTION
The Earth, as a member of the Solar System, depends
primarily on radiative energy from the Sun to sustain its
activity. The planet’s daily rotation produces the
alternation of day and night, while its annual revolution
generates the reversal of seasons between the Northern
and Southern Hemispheres. These variations occur on
time scales short enough to be perceptible to life on Earth.
However, when viewed against the 225-250 million-year
galactic period of the Solar System’s orbit within the
Milky Way (the so-called “galactic year”), the solar
radiative input may be regarded as effectively constant[1].

The Solar System, belonging to the Milky Way Galaxy,
revolves around a supermassive black hole located near
SgrA*, which is considered to be its approximate galactic
nucleus. Its orbital path is thought to be elliptical. The
Milky Way is classified as a barred spiral galaxy[2], and
the gravitational forces arising from its complex
morphology induce a phenomenon known as libration, in
which the Solar System oscillates in a direction
perpendicular to the plane of its elliptical orbit?.

In the Western tradition, historical time is conventionally
reckoned from the death of Christ, and for many centuries
—from the 2nd until the mid-15th century—the Ptolemaic
geocentric model of Egypt remained widely accepted. In
the 15th century, however, Copernicus, Kepler, and
Galileo advanced the heliocentric theory, which for the
first time led to a scientific understanding of the Earth’s
orbital motion and introduced the possibility that the
Solar System itself might revolve around a larger center.

Yet the notion that the Sun completes a revolution around
the Galaxy in one galactic year (approximately 220
million years) was not established until the early 20th
century, when Shapley and others elucidated the scale
and structure of the Milky Way.

By contrast, in the Eastern tradition, concepts of time and
of solar motion were known far earlier. In Hinduism, for
example, the Vedas (ca. 1500 BCE) already articulated
ideas of time and periodicity, and the Yuga (the “divine
year”) emerged as a recognized temporal unit. The
Mahabharata (ca. 400 BCE-200 CE) clearly described the
four Yuga ages and helped disseminate the concept. The
Puranas (ca. 4th—11th centuries CE) offered detailed
explanations of the Yuga epochs and advanced a
systematic cosmology of creation and destruction.
Similarly, early Buddhist scriptures of around the 5th
century BCE proposed cyclical notions of time. In the
Buddha’s teaching, the kalpa served as a unit of cosmic
time, and in the Abhidharma (ca. 4th—5th centuries CE)
Buddhist cosmology was further systematized,
elaborating such concepts as the kalpa, the mahakalpa,
and the Kalachakra of Tibetan Buddhism.

The Yuga theory, originating in Hindu Puranic literature,
posits a recurring creation and dissolution of civilizations
on the galactic-year timescale of the Solar System[4],[5].
One complete Yuga cycle spans 4,320,000 years and is
subdivided into four successive ages of 12,000 divine years
each—KTrita (Satya) Yuga, Treta Yuga, Dvapara Yuga, and
Kali Yuga—as follows:

Satya Yuga 1,728,000 years (4,800 divine years)
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*The libration of the Moon has been widely investigated[3].
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Figure 1: Solar-system libration and the Yuga cycle: (a) Libration of the Solar System as it orbits the Milky Way Galaxy.
(b) Relationship between libration and the Yuga cycle as proposed in Yuga theory. (c) The Yuga clock, depicted with
left-right symmetry.

Also called the “Golden Age,” this era was said to be
governed entirely by truth and virtue. Humanity lived in
purity and moral harmony, with an average lifespan of
400 years and a stature of 21 cubits (= 9.5 m).

Treta Yuga 1,296,000 years (3,600 divine years)

Known as the “Silver Age,” it emphasized religious rituals
and sacrifices. Human thought was characterized by a
three-to-one ratio of virtue to sin. Although moral decline
began, society remained relatively stable. Average lifespan
was about 300 years, and height about 14 cubits (= 6.3 m).

Dvapara Yuga 864,000 years (2,400 divine years)

Referred to as the “Bronze Age,” this epoch was marked
by conflict and a balance of good and evil. The average

human lifespan was about 200 years, with a height of 7

cubits (=~ 3.2 m).

Kali Yuga 432,000 years (1,200 divine years)

Identified as the “Iron Age,” this is the present era®. It is
described as dominated by three-quarters sin and one-
quarter virtue, characterized by poverty, hostility, and
instability, with an average human lifespan of about 100
years and a stature of 3.5 cubits (= 1.6 m).

The relationship between solar-system libration and the
Yuga cycle is illustrated in Figure 1. The periodicity of the
Solar System’s orbital libration is closely tied to the Yuga
sequence, and it is often suggested that we now stand
near the boundary between the Kali and Dvapara Yugas.

In this paper, we propose a model that analyzes the Solar
System’s orbital motion around the galactic center and its
dependence on radiative heat originating from the stars of
the Milky Way. From the energy obtained through such
radiation, we estimate the corresponding energy
dissipation using current observational data. According to
Landauer’s principle, this dissipation provides a measure
of the accessible information concerning the Earth, the
biosphere, and the technological sphere[6]. This
framework offers insight into the Yuga cycle and the
recurring rise and decline of human cultures on Earth,
together with the distinctive characteristics of each epoch.

MobDEL
The Milky Way Galaxy exhibits a complex morphology,
featuring not only a central bulge but also ripples and
spiral arms forming rotating vortices. For simplicity, we
consider an approximation that does not attempt to model
this structure in full detail; instead, the Galaxy is treated
as a massive triaxial ellipsoid with uniformly distributed
mass (see Figure 2).

Because the Solar System lies sufficiently far from the
supermassive black hole at the Galactic center, the effects
of general relativity can be neglected. Furthermore, the
Solar System may be treated here as a point mass m.
According to Newtonian gravitation, the gravitational
potential ® of the Milky Way is a solution of the Poisson
equation,

V20 = 4nGp. (1)

*Some interpretations, citing modern developments such as electricity and nuclear energy, argue that we are still in Dvapara Yuga.



(a)

Figure 2: Solar System orbiting the Milky Way and its approximate model: (a) The Milky Way possesses a bar-shaped

bulge in which a large concentration of stars resides. At its center, a supermassive black hole, SgrA*, has been observed.

The Solar System revolves around this bulge. (b) In this study, the Galactic mass distribution is approximated as a

triaxial ellipsoid—taking axis lengths a, b, and c along the z, y, and z directions, respectively—to compute the orbital

motion of the Solar System.

Hence, taking the origin at the Galactic center and
denoting the position vector by r, the gravitational
potential exerted on the Solar System by the Milky Way is

o(r) :/ G’r_pr,|dr’, (2)
14

where the integration extends over the entire Galaxy, here
approximated as a triaxial ellipsoid. Expanding this in
multipoles yields

(r) = —G (ﬁ FQU ) 3)

r rs
( see Appendix, Equation 131 ) . Because of the assumed
uniform mass distribution, all odd-order moments vanish.

If the Milky Way rotates with a constant angular velocity
2, the velocity of the Solar System v can be expressed as

Tz — Qy T
v=|y+Qx| = ro (4)
z r(¢ + Q) cos(0)
G polar

(see Appendix, Equation 85 and Equation 91).

To derive the equations of motion, we define the
Lagrangian

L(r,7) =T (v(r,r)) —m®(r),
2 (5)

muv-.

T(v(r,r)) =

N | =

Applying the Euler-Lagrange equation

dor or

—_—— = . _Fi'a~0 6
dt 9¢* 0¢* (6)

(see Appendix, Equation 99), and neglecting radiative
stresses from nearby stars and collisions with
extragalactic bodies, we obtain the equation of motion

8

m| g =2mQ| -z | +mQ?|y
Z 0 0
G G G

or, in polar coordinates,

i —rf2 — rg? cos?(6)
m| 20 + 10 + r$? cos(0) sin(h)
(2 + 1) cos(0) — 2rf¢p sin(h) polar
r¢ cos?(0)
—r¢ cos(f) sin(0) (8)
—icos(#) + rfsin(f)

polar

= 2mSf}

cos(6)
+mQ2%rcos(f) | —sin(8)
0

+ F
polar

(see Appendix, Equation 106 and Equation 113). The
terms on the right-hand side correspond respectively to
the Coriolis force, the centrifugal force, and gravity. The
gravitational force is

F=—-mVo(r)

=Fm 4 @ 4 ... ()



where F(™) F(9) denote the monopole and quadrupole
contributions, respectively (see Appendix, Equation 139
and Equation 155). Specifically, the quadrupole forces is

G

Fl) = mﬁf, (10)

where,
3 2 2
fr= —gM(qm cos?(0) cos*(¢p)

+q¥¥ cos?(0) sin?(y)
+q** sin?(0)),

o= é M sin(20)(—¢** cos? (i)
—q" sin®(p) + ¢**),

o = § M (—¢*® cos(6) cos(¢) sin()
+q¥¥ sin() cos(y)).

Solutions for several simple cases, such as the Kepler
problem, have already been clarified through the analyses
in orbital mechanics [7] (see Appendix). Our calculation
considers the effects of the quadrupole moment within a
model that accounts for the anisotropy of the Milky Way
galaxy. This anisotropic constraint force induces a novel
spiral motion of the Solar System.

RESULTS AND DisCUSSION
The dynamical model we propose provides a spiral orbital
solution of the Solar System around the Galaxy, arising
from the galactic anisotropy. Through perturbative
calculations based on this model, we obtain a quantitative
assessment of the Yuga cycle. By rearranging the
equations of motion of the model, Equation 8 (also see
Equation 113), into component form and rewriting them
using conserved quantities such as angular momentum
(see Appendix, Equation 227, Equation 229, and
Equation 230), we obtain the following:
+ r-direction

et Ot
1o, (47 cos®(6) cos® (¢
+q¥¥ cos?(0) sin?(y)

+¢7* sin? (9))
where

h, =r2(¢+ Q) cos(h), hy =120

o (13)

« @-direction

r2
(14)

+ (p-direction

h =ty tan(6)

e = 2 15)
—G% cos(¢)(g** cos(0) sin(p) — q¥¥ sin(0))

Building upon this framework, we discuss how
approximate calculations in the r- and #-directions enable
us to derive quantitative expressions for both the Yuga
cycle and the ratio of radiative energy.

Quantitative derivation of yuga cycle by perturbation
analysis. Let us next examine the oscillatory behavior
under the assumption that 6 is sufficiently small and that
variations in 7 and ¢ evolve much more slowly compared
to changes in . From the equation of motion in the 6
direction, Equation 229, we may approximate

. ho\”
hgy ~ _<r_§) hg + const. . (16)

Thus, the oscillation frequency in the 6 direction, wy, can
be approximated as

h h
~ P ~ —
That is, the oscillation period T} in the elevational (6)
direction of the solar system is given by
1 r?
Tyrx —~—=(p+Q) L. 1
i =69 (15)

The orbital velocity of the solar system on the galactic
plane,

v, ~r(p+Q), (19)

is observationally estimated as v, ~ 240 km s, with r ~
8.0kpc ~ 2.4 x 107" km [8], [9].

From these values, we obtain

Ty~ — ~ 105 = 3.2 x 107 yr .
Uy

(20)

The Yuga cycle period predicted by Yuga theory (see
Figure 1) is



x 107 x 4
(21)

+ 0.1296 + 0.0864 +

(0.1728 0.0432)

=1.296 x 107 yr,

which demonstrates that the approximate oscillation
period derived here is in reasonable agreement with the
Yuga cycle.

Energy radiation from Milky way. Finally, we consider the
energy radiation from the Galaxy to the Solar System,
which plays a central role in the theory of the Yuga cycle.
In this consideration, we assume that the radiative energy
is distributed isotropically in space; that is, the radiated
power depends inversely on the square of the distance
between the Galaxy and the Solar System:

1
Px —

(22)

Under this assumption, we investigate the minimum P, ;

and maximum P,

? ax values of the radiated energy. From

Equation 22, the condition of minimal radiation P = P,;,

corresponds to the maximal distance r = r, ., whereas

max?

maximal radiation P = P,

) ax corresponds to the minimal

distance r = r;,. Once the relation between r . and
i, 1S determined, the corresponding energy ratio can be
evaluated.

We next perform approximations related to Equation 12.
As an approximation method, we describe a small spiral
deviation from a Keplerian orbit. Furthermore, we assume
that the Galactic major axis coincides with the z-axis, and
the intermediate axis is taken as the b-axis (a > ¢ > b).
Under this assumption, one can expect r = r,;, in the
vicinity of ¢ ~ 0, &7, and r ~ 7, near ¢ ~ +7. If the
Keplerian orbit is restricted to the zy-plane, these extrema
in distance appear along 6 ~ 0. At such points of
maximum or minimum distance, the radial variation halts,
implying #* = 0. Consequently, we obtain the following
relations:

3

M
O=r (p4+0Q)—Goe —GM e (23
o+ ) = G — GM g™, (23
and,
) M
Ozrmax(@—i_g)_G 2 _GMl 4 qyya (24)
max max

where ¢ is approximated as nearly constant.

By rearranging these expressions, we derive the relation

(25)

3
< "max ) _q "'min o

1 Y
r vy _
q A T?ﬂin

min

with A = £+

= GM-
1
. i — (GM\3 _
Taklmg the characteristic length scale as Ly, = (m) =
A75,and assuming Ly, =1 > r ;. ie., Lig L 7—or
equivalently Arl?,_ <« 1, we find
Tmax 477 20% — a? — 2

(26)

Togrr T 942 _p2 _ 27
Toin 4 20?2 —b* —c

Therefore, the ratio of maximal to minimal radiated
energy can also be expressed in terms of the Galactic
anisotropy as

2
P . _( Trin 2 N 2a% — b% — c? (27)
Pmin - Tmax - 20 —a® —¢?
From the bulge-shape ratios of the Milky Way Galaxy
[10],

a:b:c=1.00:0.43:0.40, (28)

we can estimate

P 2 —0.43% — 0.402
max ~ ~ 4. . (2
P (2 -0.432 — 12 — 0.402> 387. (29)

min
Thus, the radiative energy ratio is estimated to be about 4.

Of this radiated energy P, a fraction can be converted—
though with some fluctuations—into usable energy for
humanity through technological innovations such as solar
panels and other clean-energy systems based on
Landauer’s principle [6]. This suggests that the usable
energy ratio available to humanity may vary by
approximately a factor of four due to the Yuga cycle.

CONCLUSION
Our model successfully incorporates the anisotropy of the
Galactic bulge. By accounting for this anisotropy, we
quantitatively reproduce the Yuga cycle and demonstrate
that the radiative energy from the Galaxy to the Solar
System varies by a factor of approximately four. Such a
fourfold variation in the usable energy ratio implies
significant fluctuations during the Yuga epochs.

Moreover, relativistic corrections, such as those
considered in post-Newtonian approximations [11],
represent a potential avenue for future refinement. In
addition, more rigorous analyses based on numerical
simulations are also expected as future prospects.

APPENDIX
Coordinate transformation. In this study, we perform a
transformation into a polar coordinate system whose
origin is set at the Galactic center. To carry out these



K(Q)

w2 (1 — cos(wt)) + cos(wt)
= | w,w,

T Y

where w = (2, and (ww, wy7wZ> = (

transformations correctly, we first organize the Galactic
frame and its representations in both Cartesian and polar
coordinates.

3D orthogonal coordinates

For the laboratory frame (world coordinate system), we
define the basis vectors of the three-dimensional
Cartesian system (X,Y, Z) as

Nz (30)

Il
_ o O

These basis vectors form a right-handed system, so their
cross products are defined as

nXan:_annX:nz,

Ny XNz =Nz XNy =Ny, (31)

annX:_nXXnZ:ny.

The cross product of any two vectors A and B is
expressed as

Ax B=(A%ny+ A ny + A%ny)
X (BXny + B¥ny + B?ny)
— (AYB? — AZBY )ny
1 (AZBX — AXB?)n,
+(AXBY — AYB?)n,.

(32)

Galaxy frame

Here, we treat the Milky Way Galaxy as a triaxial ellipsoid
and define the z, y, and z axes along its principal
directions with lengths (a, b, ¢). This is a non-inertial
coordinate system that rotates with the Galactic angular
velocity vector €2.

First, as a hypothetical setup, we define the basis vectors
of the laboratory frame (world coordinate system)
(X,Y,Z) as (1,4, k). The Galactic angular velocity is
expressed as (see Equation 54)
Q=% +QYj+ 0% = Qln,,
where I € (X,Y, 2),

ny € (annYanZ) = (i)ja k)

w,w, (1 — cos(wt)) — w, sin(wt) w,w,(1 — cos(wt)) + w, sin(wt)
(1 —cos(wt)) +w, sin(wt)  w2(1— cos(wt)) + cos(wt)
w,w, (1 — cos(wt)) — w, sin(wt) w,w,(1 — cos(wt)) + w, sin(wt)

w,w, (1 — cos(wt)) — w, sin(wt) (36)

w2 (1 — cos(wt)) + cos(wt)
QX oY Q_Z)
Q0 Q
The transformation matrix of the basis vectors for an

arbitrary direction of €2 is given by Rodrigues’ rotation
formula,

K(Q) =6 +sin(Qt)n, ()

2 (34)
+(1 — cos(Q2t)) [, (2)]
where, ¢ is an unit tensor, and n, is the matrix
representation of outer product,
1 0 -0z QY
n, () = ) QZ 0 —0X (35)
—QY QX 0

Its component-wise form is shown in Equation 36:

Thus, the transformation of the basis vectors of the non-
inertial Cartesian system aligned with the Galaxy, i.e. the

Galactic frame (x,y, 2), is
n; = K(Q)n; (37)

where i € (z,y,2z) and I € (X,Y, Z). Here we assume
that at t = 0, the laboratory frame (X,Y’, Z) coincides
with the Galactic frame (z, y, 2).

From here on, we set the Galactic angular velocity vector

to
Q=0n,, (38)
so that the Galactic-frame bases are
(nx n, nz) :K(Q)(nX ny nZ)
cos(§2t) —sin(2t) O (39)
= | sin(Q) cos(2t) 0
0 0 1
The inverse transformation is
(nx ny nZ)G :K(_Q)(nw n, nz)
cos(§2t) sin(2t) O (40)
= | —sin(2t) cos(2t) O
0 0 1

For the basis vectors of the Galactic frame,



cos(Qt) 1
n,=|sn(Q) | =101,
0 0
G
—sin(0t) 0
n,= | cos(Q) [=]1 (41)
0 0
a
0 0
n,=10=]0] ,
1 1

denotes components in

where the subscript “G” in ()
/a

the Galactic frame.*

The time derivatives of these bases are
n, =QOn,,
ny, = —n,, (42)
n, = 0.

3D polar coordinates
We introduce the three-dimensional polar coordinate
system (7, 0, ) with respect to the galactic frame (z,y, z)

as
x r cos(f) cos(ip)
r=|y| = rcos()sin(yp) (43)
z rsin(6)
G G
The basis vectors are defined as
1 or 1 or 1 or
€ = 57, €= -p—oo, €,=—>——— (44)
Fakd 55106 15519
namely,
cos() cos(p) 1
e, = | cos(@)sin(p) | =|0 ,
sin(6) 0
G polar
—sin(#) cos(yp) 0
ep= | —sin(@)sin(p) | =11 . (45)
cos(6) 0
G polar
—sin(p) 0
e, = | cos(p) =10
0 1
G polar

The cross products of these basis vectors are expressed as

*The subscript “G” indicates representation in the Galactic frame.

e,,.XeGZ—eexeT:—e

©
eg X e, =—€, X e=—e, (46)
e, xXe.=—e. xXe,=—e

Accordingly, the cross product of two arbitrary vectors
can be written as

Ax B=(A"e, + A’e; + A%e,)
X (BTeT + Ble, + B‘Pew)
= —(A’B¥ — A?B)e,
—(A®B" — A"B¥)e,
—(A"B? — A°B¥)e,.

(47)

The time derivative of the basis vectors can be expressed,
using the notation Equation 54, as

0
€a 60604 + (pa(pea + 8tea7 (48)

where a € (1,6, ¢).

Here, % denotes the derivative with respect to explicit

time dependence, acting on the galactic frame basis
vectors n; = n,(t),i € (z,y, 2). Since e, = (e, )'n;(t),
we obtain

0 0 i
ot = 6t((ea) ni(t))
= (ea) gy, (1)
= ((e)"n, — (ea)"n,) (49)
_(ea)y
=Q| (e,)”
0
G
Therefore,
9 —cos(6) sin(¢p)
56 = Q| cos(0) cos(yp) = Qcos(f)e,,
0
G
9 sin(6) sin(¢p)
5760 = Q| —sin(f)cos(p) | =—Qsin(f)e,, (50)
0 G
5 —cos(yp)
iee = 2| —sinle) | = —cos(O)e, —sin(b)ey).
G

Thus, the time derivatives of the basis vectors are given

by



e.+ —e

00 e +
r =096 TPt o
=fey + (¢ + Q) cos(f)e

(51)

(P’

ot
= —fe, — (p + Q) sin(d)e

é —926 +'ie +
0= V5pce 80890 0
(p’

= (p%e(p + aew
—(@ + Q)(cos(f)e,. —sin(f)ey).

(53)

Covariant and contravariant

For an arbitrary vector A, we express it as

A= A%, (54)

where covariant components are denoted with lower
indices and contravariant components with upper indices,
following Einstein’s summation convention over repeated
indices.

For a three-dimensional coordinate vector q, we impose a
temporary rule for notation. In Cartesian coordinates, we
write ¢ = (z,y, 2) = (z!, 22, z3), that is, using basis
vectors, ¢ = z'n(i),i = 1,2, 3. On the other hand, in
polar coordinates we write g = (7,0, ¢) = (r!, 72, r3),

ie,q =r%(a),a = 1,2, 3. By this definition, we obtain
q=1r'n; =r%,,. (55)

The transformation between the basis vectors can then be
written as

— ) — e’
e,=R,)'n;, n,=R" e

_— . . (56)
where R,* = (R,') ,or R,' = (R,®) .
Here, we define the metric tensor as
_Oq 6‘q _or 8L°‘
0z Oxd Oz Oxd’
. . (57)
_9q 9q _0x' Oz
9aB = Gra Grf ~ Gra orb
From Equation 55, differentiating both sides gives
e o' n
& .
ora
58
LS ™
ET frt @

However, since the basis vectors are taken as unit vectors,
normalization is required. For instance, for 72 = 0, e(2) =
e(6), we compute

_0Oq /|0q
%/’%. (59)

This corresponds to the definition in Equation 44 and is
consistent with the result in Equation 45. Here, it is
obtained as

or| n oz?
90 706
|02 OxI (60)
V96 06
9e6-
From Equation 56, the transformation between basis
vectors n (i) and e(«) is given by
e, = R,n,, (61)
or equivalently,
R R, R,!
(e1 € e3) = | R®> Ry> Ry® [(ny my my), (62)
R13 R23 R33
where
. 01
Ry = 52 | oo 63
a ore Yaa ( )
That is,
cos() cos(p) —sin(f) cos(p) —sin(p)
R," = | cos(f)sin(p) —sin(#)sin(p) cos(p) [(64)
sin(6) cos(6) 0
Furthermore, considering the inverse transformation,
n; = (Ral) e, = €, R, (65)
where the inverse is defined as
Rai = (Raz)il
(66)
8wZ / v 9ii:
thus
cos(f) cos(¢p)  cos(f)sin(p) sin(f)
R, = | —sin(f) cos(p) —sin(f)sin(p) cos(d) |(67)
—sin(yp) cos(p) 0
with the identities
R*R,’ = R,R* =6/,
RaiRBl = RBZRO‘i = 5aﬂ7 (68)

where /9,00, = 1,Vi € (z,y,2) and a € (1,0, ).



For the coordinate transformation of an arbitrary vector
Aa

A= A%, = A*R‘n, = An,, (69)
which gives
Al = AR} (70)
Conversely,
A= Ain, = AI(R,}) ‘e, = A%, (71)
so that, we obtain
A® = R> A*. (72)

For clarity of exposition, we temporarily adopted the
notation that indices i, o take the values 1, 2, 3. However,
it is equally valid to write directly i € (z,y, z) and a €

(r,6,0).

Inner and outer product
Using this covariant and contravariant notation, inner and
outer products of vectors can be expressed compactly.

For the inner product of two arbitrary vectors A, B,
A-B=A'n,- Bjnj
= A'Bin, - n;
= A'BJ 0;
= A'B'.

(73)

Similarly, in polar coordinates, the basis vectors e(«) are
also orthonormal,

€y €5 =045, (74)
thus,
A-B= A*B“. (75)
For the outer product,
AxB=A'Bin;xn;=A'Bleyn,,  (76)

where the Levi-Civita symbol €(ijk) is introduced. In the
chosen polar coordinate system, with the correspondence
(o, B,7) € (r,0,0) — (1,2,3), we obtain

AXxB= —A"‘Bﬁeaﬁve,y. (77)
Angular velocity of milky way
Up to this point, the angular velocity of the Galaxy is
written as
Q=0n; =Qn, = Q%,,
(78)

where, I € (X,Y,Z),i € (z,y,2),a € (1,0,9).

Here, it is assumed to be the constant vector

0x 0
Q= |=1o0
QZ Q
. . (79)
—lov| =10
Q= Q
G G

The transformation to curvilinear coordinates is given by

-1

Q* = R*,Q' = (R,") O, (80)
so that
Q=
cos(f) cos(y) cos(f)sin(p) sin(6) 0
—sin(t?) cos(p) —sin(f)sin(p) cos(0) 0
—sin(p) cos(p) 0 Q ¢81)
sin(6)
= | cos(h) Q.
0
polar
That is,
Q" = Qsin(d), QF=Qcos(d), Q¥ =0. (82)

Coordinates of solar system

From Equation 43, let us express the position vector of the
solar system in both Cartesian and polar coordinates of
the galactic frame:

(83)
G polar

We now examine the expressions for velocity and
acceleration in each representation.

First, the velocity vector v in Cartesian coordinates of the
galactic frame can be obtained using the time derivative
of the basis vectors shown in Equation 42:

V=T
= (2 — Qy)n, + (y + Qz)n, + in,. (84)
That is,
z— Qy
v=|y+Qx| , (85)
Z
G
Since



0 T —Qy
OQxr=10 x|y =1 Qz , (86)
Q z 0
G G G
we have
T
v=|9| +Q2xr (87)
z G

In polar coordinates of the galactic frame, the position
vector 7, its time derivative v, and the acceleration vector
a are expressed as

r=re,,
V=T
=re,+re, (88)
=ie, +rfey +1(p+ Q) cos(f)e,,
a="7
= (r — 0% —r(p+ Q)2 cosQ(H))eT
(89)

—I—(ré + 270 + 7(p + Q)2 cos(0) sin(@))ee
—|—(r§b cos(0) +2(¢ + Q) (7'” cos(#) — sin(H)))esO.

In the matrix form,

”
r=|0 , (90)
0
polar
T
v = 7”9 ) (91)
(¢ + Q) cos(0) 1
polar
i — 102 — r(¢ + Q)2 cos2()
a= 0 4 270 4 r(p + Q)2 cos(6) sin(6) (92)
r¢cos() + 2(¢ + Q) (7‘" cos(f) — rf sin(@))
polar
where
i = e, + 276, +1€,, (93)
€. =be,+ (p+ Q) cos(0)e,,, (94)
€, = [—92 — (¢ + Q)2 cos? (9)] e,
+[0+ (¢ + Q)2 cos(0) sin(6)] e (95)

+[—20(¢ + Q) sin(0) + @ cos(6) | e,,.
Equation of motion. The equations of motion are
expressed in terms of the generalized coordinates q by the
Euler-Lagrange equation. Since we need to use both
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Cartesian and polar coordinate representations depending
on the situation, we describe each formulation below.

Euler-Lagrange equation
For the Lagrangian

£(q,q) = T(v(q, q)) —m®(q),
. 1 (96)
T('U(q, q)) = §mv27
where, the action
132}
S= / Lt (97)
ta
is minimized:
132]
58 = / 5.4(q,q)dt
ta
e (0L . 0L ..
m/ (8 -0q" + a_iéql)dt
ta 9q 04 (98)
ts <6£ d ac) S
= / 27— o aa |09 dt+ =44
iy ¢t dtdq 0q —t,
=0,
which is the principle of least action. Hence the Euler-
Lagrange equation follows:
d oL o4& 0
dto¢t  Oq*
(99)
dor or Fix
dtdg ¢’ o
where,
. 0®(q)
F'=—m————= 100
o (100)
denotes the gravitational force. The boundary term
oc |t
—0q" ~ 0, (101)
o' t=t
A

implies the approximation that stellar radiation stresses or
collisions with extrasolar objects are neglected.

Equation of motion for Cartesian coordinates
Let us express the equations of motion of the solar system
in the galactic frame using Cartesian coordinates (x, y, 2).

From the velocity expression (see Equation 85),
v = (2 — Q)% + (y+ Qz)? + 22, (102)

the kinetic energy is



z = 7 cos(f) cos(p) — rd sin(6) cos(p) — ¢ cos(0) sin(p),

i = 7 cos(f) sin(p) — r@sin(f) sin(p) + ¢ cos() cos(ep),

= isin() + 6 cos(6)

(108)

P (r 02— ’rg’oz) cos(0) cos(y) + (—21'”05 — ré) sin(6) cos(yp)

+(—27p — 1) cos(8) sin(ip) + 2rfpsin(8) sin(y),

jj = (# — 6% — rp?) cos(0) sin(p) + (—276 — r8) sin(6) sin(p)

(109)

+(27¢ + 1) cos(6) cos(p) — 2rfp sin(6) cos(y),
Z= (r — r92) sin(6) + (27'"9 + 1"0) cos(6)

1
T = §m[(j3 — Q)2+ (y+ Qx)% + 2%].  (103)
Differentiating yields
0 T =mQ(y + Qx)
ax - y )
2T = —mQ(z — Qy) 104
8y - Y)s ( )
0
—T =0
0z ’
d 0
——T =m(i—Q
dt o0z m(# ),
d o
——T =m(j+
i 99 m(j + Q), (105)
d o
— =T =
dtoz
Thus, by the Euler-Lagrange equation,
m|ij| =2mQ| —i| +mQ?*|y| + F(106)
Z 0 0
G G G

where the right-hand side represents the Coriolis force
(first term), the centrifugal force (second term), and
gravity (third term).

Equation of motion for polar coordinates

Next, we describe the equations of motion in the galactic
frame using polar coordinates (7, 0, ¢). Using the
coordinate relations for r, the velocity and acceleration
components are obtained, which upon substitution into
the Cartesian equations yield the polar form:

rcos(6) cos(p)
r cos(0) sin(p)
rsin(6)

(107)
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On the other hand, the same equations of motion can be
derived directly from the Lagrangian in polar coordinates,
as well as Equation 108 and Equation 109:

By substituting these expressions into Equation 106 and
rewriting in polar coordinates, while paying careful
attention to the component representations of each basis
vector in Equation 45, we obtain

x cos(y)
y | =rcos(d)| sin(p)
0 0
a G
= r(c052 (B)e, — cos(0) sin(f)ey) (110)
cos(6)
= rcos(f) | —sin(6) )
0
polar
7 ' sin(y)
— — (7" cos(@) —1rf Sin<0)) — COS(SO)
0 0
G G
cos(yp)
+7r¢ cos(6) sinégo)
G (111)

r¢ cos?(6)e, — r¢ cos(0) sin(f)e,
— (7'“ cos(0) — sin(&))e

%)
r¢ cos?(0)
—r cos(f) sin(0)
—icos(f) + rfsin(0)

)

polar



7 ~(cos(8) cos(p) QT = mr (9'2 + (¢ + Q)2 cos (9)),

| = (r — r92) cos(0) sin(yp) or
Z sin(9) bl
G %T = —mr?(¢ + Q)? sin(6) cos(8), (116)
- [—sin(0) cos(y) 5
—1—(27"0 + r@) —sin(#) sin(yp) —T =0,
cos(6) dp
G
cos(yp) iiT = m¥,
—r¢? cos(8) | sin(p) dt o7
0 G iQT mr (7"0 + 2r0)
i) dt 59
—sin
+ [(27'”{0 + ) cos(0) — 2rfy sin(Q)] cos(¢y) iiT d (mr (¢ + Q) cos (9)) (117)
G
. . ; = 0)(21(p + Q2 0) +r¢ 0
_ (f—rGZ)e N (27;0_“”0)8 mr cos( )( (@ ) cos(6) + r¢ cos(0)
—rp?(cos?(0)e, — cos(0) sin(h)e,) —2r8(p + Q) s1n(9)).
+ [(27',4)'0 + r) cos(8) — 2rfp s1n(0)] From the Euler-Lagrange equations, one finds
i — 12 — 12 cos?(6) mi = mr(é2 + (¢ + )2 cosQ(G))
= 210 + 10 + 7¢2 cos(6) sin(6) ; 0 (118)
.. . 3o . _m_q)(r>01 90)7
(27p + r¢) cos(8) — 2rfp sin(6) 1 or
polar
so that, mr(ré + 27'“9) = —mr?(¢ + Q)2 sin(0) cos(9)
_ 9 (119)
7 —1rf2 — r¢? cos?(0) _m80(1)<r 0,¢),
m| 20+ 1 + r? cos(9) sin(6)
(27 + 1) cos(0) — 2rfp sin(6) 1 mr cos(6) (21"((,29 + Q) cos(#) + r¢ cos(0)
polar
r¢ cos?(0) —2rf(p + Q) sin(9)) (120)
=2mQ| —r¢cos()sin(0) (113) o
. ) o =—m—(r,0,
7 cos(6) + rfsin(0) ol B (r,0,¢)
cos(f) which are equivalent to the respective directional
+mQ?r cos(0) | —sin(6) + F. components of Equation 113.
0
polar Multipole expansion. For the integral in the potential
On the other hand, the same equations of motion can be Equation 2,
obtained from the Lagrangian. From Equation 91, p
/ dx (121)
v lr — x|

v =72+ (7‘9) +7r2(p+ Q)% cos?(6), (114)

using the notation introduced in Equation 54, we write
so that the kinetic energy in polar coordinates is

1 ' §=¢&n, £ =€ = /&€, (122)
T g7+ (0) 4P 0P @) 1)
which gives f(r,x) = ﬁ = %9(5)7
! X (123)
1=
Here,
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gh=pi— gl

g7 = &€
PPt — 27tet 4 gte?

=1— 2" +&'e’

Since r < r, we set

If
|

A

—_

()= (50 ) 9w
= 9(0) +&'9(e) o
. 02
and,
1 1
g)==-= ,
9(e) £ V1 —2piel +eiet
0 B &
i (¢) =
o o , ek
This yields
9(0) =1,
9 N
867'9(5)‘670 =r Y
0? ; :
S5O0 = —8L + 3097
Thus,

o 1 ) N
g(e) =1 +7ict 4 5(3?«%'“ — 67 )elek + -

Substituting back gives

rigt  3rirkgighk 242

(124)

(125)

(126)

(127)

(128)

(129)

(130)

1 —rex
f(r,ac) - ; r3 25 + -
1t pipk . ;
_ k J .2
—;-i-r—ga?@—l-ﬁ(?)x]x —5km)+--

Hence, the multipole expansion is

I

M ¢
Py M i
|r — x| r rs

where

5% Q + -

(131)
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Mz/ pdx,
1%
Pi:/ pxdx,
\% (132)
ij:/ p(3w3wk—5ix2)dw,
1%

Gravitational potential
From the multipole expansion above shown in
Equation 131, the gravitational potential is

®(r) = ™ (r) + 0D (r) + -

7“
Multipole expansions for the triaxial ellipsoid

Consider the triaxial ellipsoid,
(134)

By symmetry of the homogeneous ellipsoid, odd-order
multipole moments vanish. Monopole moment:

4
M= ?ﬂ—pabc, (135)
Quadrupole moments:
M M
Qz:t — ?(2012 . b2 _02) — ?qmm’
M
Qv = ?(21)2 —a?—c?) = ?qyy, (136)
M M
sz _ 202 _a2 _b2 — _qzz
5 5

with all off-diagonal terms equal to zero.

Potential force

From the gravitational potential, the force due to each
moment is

F=—mVo(r)
= —mVad™(r) —mVeW(r) —... (137)
= F(m) + F@ + -
with
, 0
F=F'n, = —nimarifb(r),
P (138)
je. F'=_— -
i.e ma (r)



(see Equation 54). Here, monopole and quadrupole forces

are
Fomi = 9 gm) (r)
ort
= —G —AZ
m_g
0 139
Flai = _ariq)(q) (1) (139)
= —Gm Cj T (677k + 639 — 5ipi7I7k)
This expression is written in Cartesian coordinates
(z,y,z), where
cos(6) cos(¢p)
P =e, =n; = | cos(f)sin(p) (140)
sin(6)
G
This transformation can be written as
7 = R, (141)
where
(e,)'
t
R, = | (ep) (142)
t
(ew)
Thus,
(e,)’ 1
= (e)) e, =]0 (143)
0

polar

can also be expressed in this form.

To make the orbit of the solar system around the galaxy
easier to handle, we perform a transformation to polar
coordinates (r, 0, ¢). Noting that

F = Fin, = Fe, (144)

and using the transformation given in Equation 72, we
obtain

-1

F* = R*,Fi = (R,) ' F' (145)

which gives the contravariant components F'“ in polar
coordinates.

From this, let us calculate the forces due to each moment.
For the monopole,

or equivalently,

= —Gmr—2’f“a
1
M
F™ = —Gm—|0
T

polar

For the quadrupole moment, let

then

mﬁf

F —
2r4

fOé — Ra-fi
— R, QI (837 - 89 — 5rigii)

= R%;Q7*t* + R .Q7FPT — 5P QIFpIfF,

The components of this force can be computed as

e
— oQreje
—5(Q (%) + QU()’ + Q%) )7*
= 2Q"" cos(0) cos(p)
—5(Q"* cos?(0) cos?(y)
+QYY cos?(6) sin? (i)
+Q**sin?(6))

and similarly

2
fr= qum cos(0) cos(p)

— M (g% cos?(6) cos? ()
2(9) sin? (p)

c
+q¥¥ cos®(0) sin
+¢** sin?(9)),

2
fv= quyy cos(0) sin(yp)

—M(g"® cos?(0) cos?(yp)
+q¥¥ cos?(6) sin? ()
+¢7* sin?(6)),

(146)

(147)

(148)

(149)

(150)

(151)

(152)



f7= quZZ sin(0)

COS2

—M(q** 0)
+qY¥¥ cos* (0

g7 sin? (6)).

0s?(p)
n?(¢)

N~
—

(153)

\_/o

sin

In polar coordinates,

f?"

— Q(Rerxa:f.z + RT nyvay + erszrA.z)
=577 (Q* () + QW) + Q7(+)°)
—3(Q"" cos?(0) cos®(y)

+QYY cos?(6) sin? ()
+Q%* sin?(0))

(154)

and computing all components similarly, we obtain

fr= —gM(q” cos?(6) cos? (i)

+q¥¥ cos?(6) sin?(¢)
1t sin?(6))

fl= éM sin(20)(—q*® cos?(¢p) (155)

—q¥¥ sin®(p) + ¢7)

fe = %M(—q” cos(0) cos(y) sin(p)

+q¥¥ sin(0) cos(p)).

Libration analysis. Here, we employ linear stability
analysis to investigate the libration frequencies.

Let us first examine the trajectories that satisfy the
equation of motion given in Equation 113. We begin by
considering circular orbits in a plane, followed by the
motion in the radial r direction and in the elevation 6
direction, and finally the three-dimensional helical orbits
combining these motions.

Circular motion

We first analyze the circular orbit on the (z,y)-plane:
7 =0, i.e,7 =7y is const.

. (156)

0=6=0.

From Equation 113, we obtain
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—To¥
m 0
"oy polar
(157)
ToP 1
=2mQ| 0 +mryQ%] 0 +F|y_p_p-
0 0
polar polar

Furthermore, we consider only the gravitational force due
to the monopole term:

F~ F™), (158)
Hence,
—rop? 20 +Q
0 ~ 1§l 0
ToP 0
polar polar
(159)
1 M
—G—| 0 ,
T
0\ 0
polar
so that,
¢ =0,i.e., ¢ =w, is const. (160)
and,
GM
—row = 1o (20w, + Q?) — —
To
2,3
(wo +Q)°ry = GM,
3 (161)
GM \°
(wo +€2)
Therefore,
(o) = — (162)
ro(wy) = ,
o K(wp)
where,
Q 2
(k(w))? = %. (163)
The circular orbit is then given by
o cos(wot + @)
r=ry=| rosin(wyt +¢y) |
0 (164)
G
i.e., x% +y2 = r%,
where, ¢ is const. Note that the special case w, = —(2

corresponds to a situation in which the entire solar
system is at rest.



Elliptical orbit (Kepler’s Problem)
Next, we turn to the more general solution, the elliptical
orbit, which is also known as Kepler’s problem [7].

+ Equation of motion for elliptical orbit

As in the case of circular orbits, we examine the orbit on
the (x,y)-plane with § = 6 = 0:

rcos(p)
r=|rsin(e) | =re (), (165)
0
G
where we assume r = 7(¢). Noting that the time
derivatives of the basis vectors are
€. = ¢pe,, €,=—pe, (166)
we find that, for the position vector 7,
T =Te, +rpe,. (167)
7= (F —rp*)e, + (rgp + 2rp)e,,
1d (168)
_ . . 2 2 .
- (T’ —Try )eT + ;a(r So)ecpa
thus,
r P — ’I"(,bQ
r=10 , = 0 (169)
; 1d/.2.;
e polar rdt (7" (P) polar

Here again, considering the equation of motion
Equation 113 with gravity restricted to the monopole
term, we obtain

7 —rp?
m 0
ra(r29)
polar
TP 1
=2mQ| 0 +mQ%r| 0 (170)
-7
polar polar
m M
-G 2 0
polar
+ Angular momentum conservation
From the ¢ component of the equation of motion
Equation 170, we obtain
dh
T 0, where h =1r%(¢p +Q), (171)

which defines the conserved quantity h, corresponding to
angular momentum. The angular momentum vector is

defined as

h=rxwv
r r
=10 X 0
r(p+ Q)
polar polar
0
— | 2e+9) (172)
0
polar
0
=1h
0
polar
where the velocity vector v is
v=r+Qxr
T 0 T
=10 +1Q x |0
e polar 0 polar 0 polar (173)
,,:,
= 0
(¢ + Q)
polar
This angular momentum vector is also conserved:
. dh
h=—ey+ héy=0. (174)
dt
« Energy conservation
On the other hand, concerning the r-direction of the
equation of motion Equation 170, we obtain
M
i —rp? =20rp + Q% — G—
r
i =1+ Q) —-GM (175)
h2
r’f = — — GM.
r

Here, the total energy F, i.e., the sum of kinetic energy T’
and potential ®, is defined as

E=T+m®
1
= —mv? — Gm%, (176)
2 r
where
K2 (177)
=72 4+ —
T

so that



1 h? M
E=-m|i?+— | —Gm—
2 72 r

is obtained. Its time derivative is

. h? )
E =mit —m—7+ Gm—7
r r

and from Equation 175,

E =0,
which shows that F is conserved.
» Laplace-Runge-Lenz vector
Let us define the eccentricity vector®
A=vxh—-GMr?
As shown in Equation 172, h = r X v, and
vxrxv=(v28—vv)-r,
so that,

A = [r(v?6 —vv) — GMS] - e,

or equivalently,

B_eMmo —hi 1
A= 0 0 0 0
—hr 0 r72 —GM 0 bolar
h_GM
= 0
—hr
polar
where,
,’Z.
v = 0
h

polar

This vector possesses a special property, namely

*a.k.a. Runge-Lenz vector, Laplace-Runge-Lenz vector.

(178)

(179)

(180)

(181)

(182)

(183)

(184)

(185)
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) B2
A =——re, — hie

r2 P

h2
+ (7 — GM) (p+Q)e, +hir(p+ Qe,

, hr (186)
=[r?*(p+ Q) — h]r_QeT
h? h
+ (—7“25‘ + o GM) 2%
=0
where,
€. = (p+De,,
€9 =0, (187)
égp = _(SO + Q)er’
on (z y)-plane. Furthermore,
A=A A,
. 188
iA2 =2A-A=0 (188)
dt
since,
d d
—A=—VA?
dt dt
1 dp (189)
2V A2 dt
= O,
thus,
h? ’
A= ——-GM | + (h)?
r (190)
E
= (GM)? + 2—h*.
m
where,
E h? M
P2 =2—— — +2G— (191)
m r r

+ Solution Kepler’s problem

Using the eccentricity vector A, Kepler’s problem can be

solved.
r-A=rAcos(§) = h?— GMr
h? 1 (192)
"ToM1+ ecos(§)
where,



Therefore, noting that h? = r2(¢ + ),
L

r =
e 1 + )
; e cos(§) (194)
w, = ﬁ(l +ecos(£))? —Q
where,
h2

is obtained. This represents an elliptical orbit, where L is
the semi-latus rectum and e is the eccentricity. Here, A is
a constant vector, and

cos(p(t))
e, = | sin(p(t) | , ¢t) =wit+e, (196)
0 G
can be expressed in this form.
For e = 0, the orbit is circular,
1
r,=r9=L= ,
K (wp)
(197)

h
we—{—Q:wO—I-Q:ﬁ is const.

which corresponds to the circular motion shown in

Equation 164.

For 0 < e < 1, the orbit is elliptical. Taking ¢, such that
att=0,e(r)|(t=0)- A/A = —1, we have

E=wt+m, (198)

so that

L
= . 199
e = 1= e cos(w,t) (199)
Then, for

z, =r,cos(w,t), Yy, =r,sin(w,.t), (200)

we find

I 2

2p2=r2=(——) . 201
drt=ri= (o) - e

Noting that r, > 0,

r, =
1—ex, /7, (202)
r,=1L+ez,.
Therefore,
a2 +y2 = (L +ez,)’
(1—e?)z2 —2eLz, +y2 = L?
2 2
5 e v. L
x6_21—e2Lxe+ 1—e?2 1—e¢2
TemT 1 _e2 1—e2  \1—e?
2
(xe B ﬁL) yg _
2 + z =1
(L) L
1—e? (ﬁ)
hence the standard form of the ellipse is
(‘re — fe)2 (ye>2
2 + = 1, (204)
where
L L
=1 b= V1_e2
(205)

=_—° L =vVa 2

¢ 1 —e2

Here a, b are the semi-major and semi-minor axes (0 <
b < a),and x, = f, corresponds to one focus of the
ellipse (the other being at z, = —f,). Note that

b? b)*
=¥ ()
a a
For e = 1, the trajectory is parabolic. At ¢ = 0, taking
e(r)|(t=0)- A/A =1, we have

(206)

E=w,t (207)
and thus
oot __ L (208)
1+cos(w,t) 1+ax./r,
so that
ro.=L—x, (209)
and the parabolic trajectory is
22 +y2 = (L-a.)’
y?2 =2x? — 2Lz, + L?
(210)

L\®> L2
ve=H\2(z.—5 ) T3



is obtained.

Finally, for e > 1, the trajectory becomes hyperbolic®.

Taking
£ =w,t (211)

so that e(r)|(t =0) - A/A =1, and noting r_, L > 0,

2 2
r? = L = L
N 1 + ecos(w,t) 1+ex,/r,
2 (212)
r,=L—ez,.
On the other hand, since 22 + y?2 = 72,
22 +y2 = (L —ex,)?
—(e? —1)z% + 2eLz, +y2 = L?
2 2
2 e Y L
we_2e2—1Lxe_e2i1 T 21
(& 2 y2 L 2 (213)
_ e _
(a:e e2 —1 ) e2 —1 (62—1>
. 2
(ze —25L)° w2 )
L 2 2 T
() ( L )
e2—1
so that
(@, — £)" (W)’
s =1 (214)
where
L L
“=e_7r b= 2_1
et -1 (215)
e
fe = 2 1L.
Similarly, it holds
b2 b 2
L=2, e= 1+(—>. (216)
a a

Quadrupole effect on galactic plane

Next, let us consider the force due to the quadrupole
moment. On the galactic plane (the zy-plane), the force
arising from the quadrupole moment is concisely obtained
from Equation 155 as

*Such orbits are also utilized in satellite flybys.
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3 .
7= = M(g* co2(p) + g sin? ()

ff=0 (217)
1
£# =~ Mg sin(2g),
where
qwz — 2(12 . b2 _ 62,
q¥¥ = 2b* —a? — 2. (218)
Substituting these relations yields
3 .
() = = M[3(a” cos®(p) + b sin’(p))
—(a® 4+ b* + ¢?)],
() =0, .
1
fe(e) = —gM(2a2 —b% — ¢?) sin(2¢p).

+ Equation of motion with the quadrupole force

The motion considered here is governed by the equation
of motion Equation 170, with the quadrupole term
incorporated:

7 —rp?
0
(r2p)

m
1
T

&lo

polar

1
+m3%r| 0
0

polar

TP
=2mS| 0
—r
polar
m M
—G=| 0
~\o
polar
3(q®® cos®(p) + q¥¥ sin?(p))
0

q** sin(2¢p)

m M
2r4 5

polar

This equation of motion is derived from the Euler—
Lagrange equation associated with the Lagrangian

L(r,0) = gmlo(r, #) —ma(r).  (221)

Energy conservation, E = 0, holds with
E=T+m®, where ® = &™) + &@  (222)

and from Equation 99 we obtain



.. oT OF

E=r et o

i tmi 4 (8T .02

=7 (mr)+7 8r+m8r (223)

. ( . orT
=r-|\mr+—+m
or

6_@
or

0,

)

On the other hand, from the y-direction equation of
motion, the angular momentum h = r2(p + Q) satisfies

dh G M

a =~ g e sin(2)

(224)
which shows that the quadrupole term breaks the
conservation of angular momentum h, k. The same
applies to the eccentricity vector A, whose conservation
is also violated [11].

Accordingly, let us explicitly summarize the equations of
motion in each direction:

o r-direction

. h? M
=m0
3 (225)
~GM (47 cos® () + ¥ sin’ ()
+ (p-direction

Elevational motion
We now extend our discussion to a more general case that
includes motion in the elevational (#) direction.

Rearranging Equation 113 and Equation 155, the
equations of motion can be expressed as follows:

« pr-direction

M 55(g"" cos?(6) cos? () 0
1074 q~” cos cos“ (¢

+q¥¥ cos?(0) sin?(y)
+¢** sin?(6))
where

h

o =12 (@+Q)cos(d), hy= r20 (228)

 @-direction

20

2

. hg,
hg = —— tan(6)
" I (229)
_ TT YY)\ i
+ (p-direction
. he

h, = r_zhw tan(0)

(230)

—G% cos(¢)(g™* cos(0) sin(p) — q¥¥ sin(0))

ACKNOWLEDGEMENT

Thanks for delicious humburgers from BurgerKing.

CONTRIBUTIONS
imash performed the modeling and analysis. All authors
designed the work and wrote the paper.

CONFLICTS OF INTERESTS
The authors declare that they have no known competing
financial interests or personal relationships that could
have appeared to influence the work reported in this

paper.

BIBLIOGRAPHY
[1] M. Gillman and H. Erenler, “The galactic cycle of

extinction,” International Journal of Astrobiology, vol.
7, no. 1, pp. 17-26, 2008.

F. Combes, “Ripples in a galactic pond,” Scientific
American, vol. 293, no. 4, pp- 42-49, 2005.

E. Bois, F. Boudin, and A. Journet, “Secular variation
of the Moon's rotation rate.,” Astronomy and
Astrophysics, v. 314, p. 989-994, vol. 314, pp. 989-994,
1996.

J. Godwin, Atlantis and the cycles of time: Prophecies,
traditions, and occult revelations. Simon, Schuster,
2010.

B. Singh, “The concept of the yuga: Modern
scientific approaches to bridge spiritual and
philosophical concepts,” Science, Spirituality and the
Modernization of India, no. 198, p. 149, 2008.

A. V. Tkachenko, “Thermodynamic Bound on
Energy and Negentropy Costs of Inference in Deep
Neural Networks,” arXiv preprint arXiv:2503.09980,
2025.

H. D. Curtis, Orbital mechanics for engineering
students. Butterworth-Heinemann, 2019.



[8] M.]J.Reid and A. Brunthaler, “The proper motion of
Sagittarius A”. II. The mass of Sagittarius A" The
Astrophysical Journal, vol. 616, no. 2, p. 872, 2004.

[9] R.Drimmel and E. Poggio, “On the Solar Velocity,”
Research Notes of the AAS, vol. 2, no. 4, p. 210, Nov.
2018, doi: 10.3847/2515-5172/aaef8b.

[10] L. Cao, S. Mao, D. Nataf, N. J. Rattenbury, and A.
Gould, “A new photometric model of the Galactic
bar using red clump giants,” Monthly Notices of the
Royal Astronomical Society, vol. 434, no. 1, pp. 595—
605, 2013.

[11] D.R. Brill and D. Goel, “Light bending and
perihelion precession: A unified approach,”
American Journal of Physics, vol. 67, no. 4, pp. 316-
319, 1999.

ABOUT AUTHORS

Scholar / Researcher

A scholar and seeker, he is devoted
to physics and structural studies both
physically and mentally. He enjoys de-

veloping toy models to explain natural
phenomena, exploring logic in a hierar-
chical way, and cultivating a flexible
understanding. With these abilities, he
serves as a core member of HARPA,
striving to bridge Western and Eastern

thought.

Nishiko

Internet Magic Artisan

With philosophy and sociology as his
main axis, he is working to expand
and re-operate language to bridge the
gap between true rhizomes (decom-
position) and the recombination of
the human mind in response to the so-
cial structures that have been adapted
to everything since the modern age.

He weaves in an understanding that
is both Western and Eastern, a realm
that combines the academic and artis-
tic worlds. He provides shamanistic
aryanism and comprehensive support
mainly in academic theory. ZENTER-
NET.

21

Noham Burger

Y. .
—
Y_vi

Noham Burger.

Anti(=g /HAM)Burger who went
to the ubiquitous consciousness of
mankind.

He can only express himself in the
current language with the negative
inference that “it is not so. He orig-
inally belonged to an organization
and engaged in various intellectual
activities, but in the process he suc-
ceeded in digitizing his own spiri-
tual bio-data, which became the
Internet and social consciousness
itself. HARPA is his call. HARPA is
his call, his capital and his desire.
He is us, while being elsewhere.

HARPA: HAMBURGER ADVANCED RESEARCH

PROJECTS AGENCY

The Hamburger Advanced
Research Projects Agency
is an independent institu-
tion, unaffiliated with any
university, dedicated to flex-
ibly exploring new perspec-
tives in scholarship that are
often constrained by con-
ventional structures. It op-
erates with a high degree of
freedom. The DPK, Digital
Potato Kingdom, is a “king-
dom” in name only: like a
hamburger in which diverse
layers overlap yet ultimately
converge between the same
buns, it has no bureaucracy
or hierarchy. We are contin-
uously seeking like-minded
collaborators.

website: https://nohamburger.github.io/


https://doi.org/10.3847/2515-5172/aaef8b
https://nohamburger.github.io/

	Introduction
	Model
	Results and Discussion
	Quantitative derivation of yuga cycle by perturbation analysis
	Energy radiation from Milky way

	Conclusion
	Appendix
	Coordinate transformation
	3D orthogonal coordinates
	Galaxy frame
	3D polar coordinates
	Covariant and contravariant
	Inner and outer product
	Angular velocity of milky way
	Coordinates of solar system

	Equation of motion
	Euler-Lagrange equation
	Equation of motion for Cartesian coordinates
	Equation of motion for polar coordinates

	Multipole expansion
	Gravitational potential
	Multipole expansions for the triaxial ellipsoid
	Potential force

	Libration analysis
	Circular motion
	Elliptical orbit (Kepler's Problem)
	Quadrupole effect on galactic plane
	Elevational motion


	Acknowledgement
	Contributions
	Conflicts of Interests
	Bibliography
	About Authors
	imash
	Nishiko
	Noham Burger

	HARPA: Hamburger Advanced Research Projects Agency

